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ABSTRACT 

Extensions of the well known results of Brezzi on saddle 

point problems are presented. 

eralized to include the unsymmetric case, and the known 

stability and approximation results are strengthened, and 

applied to the generalized problem. As an application, an 

existence theorem for the Stokes problem is given. 

The class of problems is gen- 
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1. Int roduct ion  

I n  [ 4 ] ,  F. Brezzi obtained ex is tence ,  uniqueness and 

s t a b i l i t y  r e s u l t s  for  t h e  saddle  poin t  problem 

where  (1.1) - (1 .2)  a r e  t o  be solved f o r  t h e  p a i r  (u ,cp)~  Lr x 8 

and where a ( *  , e )  and b ( *  , e )  a r e  b i l i n e a r  forms def ined  re- 

s p e c t i v e l y  on lr x Ir and 8 x Ir. (f,.) and (g , . )  denote 

bounded l i n e a r  func t iona l s  r e spec t ive ly  i n  t h e  dua l  spaces 

and S f  of t h e  H i l b e r t  spaces lr and 8 .  I n  add i t ion ,  approx- 

imation of (1.1) - ( 1 . 2 )  i n  closed subspaces Lrh C Lr and 

8 c 8 was considered. I n  essence,  t h e  forms a ( *  , a )  and 

b ( -  , e )  w e r e  assumed t o  s a t i s f y  t h e  usua l  type  of c o n t i n u i t y  

and s t a b i l i t y  condi t ions (see $2  below), and t h e  s t a b i l i t y  and 

e r r o r  e s t ima tes  provided were then  obtained i n  t h e  norm on 

I r X 8  

Irf 

h 

Fur ther  ques t ions  s t u d i e d  i n  [4]  concern "numerical  i n t e g r a t i o n "  

and "nonconforming" approximations, both r e l evan t  t o  f i n i t e  
h 

e lement  choices  of t h e  approximating subspaces Lrn and 8 . 
I t  i s  w e l l  known t h a t  many problems of i n t e r e s t  arise 

n a t u r a l l y  i n  t h e  form (1.1) - ( 1 . 2 ) .  Among t h e m  a r e  t h e  
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governing equations of l i n e a r  e l a s t i c i t y  appropr i a t e ly  expressed, 

and t h e  Stokes problem f o r  slow viscous incompressible flow of a 

Newtonian f lu id .  Also, many v a r i a t i o n a l  problems w i t h  e q u a l i t y  

c o n s t r a i n t s  g ive  rise t o  Euler equat ions of t h i s  type  once a 

Lagrange m u l t i p l i e r  is  introduced. Another source of problems 

of t h i s  type i s  i n  t h e  reduct ion of h igher  o rde r  boundary va lue  

problems t o  lower order  ones by t h e  in t roduc t ion  of new v a r i a b l e s  

represent ing  d e r i v a t i v e s  of t h e  o r i g i n a l  v a r i a b l e s  ("mixed 

methods"). Some of t h e s e  t o p i c s  a r e  considered i n  [4] and t h e  

re ferences  there in .  See a l s o  [ 5 ] ,  [6] and e s p e c i a l l y  t h e i r  

r e fe rences  for  l a t e r  work. 

There are  t w o  ob jec t ions  one may r a i s e  concerning t h e  

theo ry  of 141. T h e - f i r s t  of them concerns t h e  use of t h e  

product space norm (1.3). T h i s  i s  c l e a r l y  t h e  n a t u r a l  norm 

t o  use i f  t he  v iew is  taken of (1.1) - (1 .2 )  t h a t  (under ap- 

p r o p r i a t e  conditions) i t s  l e f t  side de f ines  an opera tor  

t h a t  i s ,  t h a t  t h e  na tu re  of t h e  coupling between t h e  v a r i a b l e s  

u and cp i s ,  i n  a sense ,  t o  be suppressed. I n  many phys ica l  

examples t h i s  i s  not  a s a t i s f a c t o r y  approach, and it would 

s e e m  worthwhile t o  have a theory  i n  which t h e  s t a b i l i t y  and 

approximation es t imates  w e r e  expressed s e p a r a t e l y  f o r  t h e  

v a r i a b l e s  u ,  and 9. Second, s o m e  problems of i n t e r e s t  [e.g. 71 

L 
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have t h e  more genera l  f o r m  than (1.1) - .(l. 2)  , 

v v2 E If2 

(1.5) 

u E bl, (p E S1 

being def ined on t h e  implied Hilbert  spaces  and s a t i s f y i n g  cer- 

t a i n  con t inu i ty  and s t a b i l i t y  conditions.  The r e s u l t s  of [4]  

do n o t ,  i n  genera l ,  apply t o  t h i s  problem. The o b j e c t  of t h e  

p re sen t  no te  is ,  therefore, t o  ob ta in  ex i s t ence  uniqueness and 

approximation r e s u l t s  for  t h e  system (1.4) - (1.5) t a k i n g  regard,  

where poss ib l e ,  of t h e  separa te  i d e n t i t i e s  of t h e  u and cp 

var i ab le s .  The desired est imates  and gene ra l  approximation 

scheme are obtained and presented i n  92 - $4. I n  t h e  f i n a l  

s e c t i o n ,  as an app l i ca t ion  of t h e  theory ,  a proof of an ex i s -  

t e n c e  theorem for t h e  Stokes problem mentioned above is given. 

I n  a forthcoming r e p o r t  [8], t h e  r e s u l t s  a r e  app l i ed  t o  a wider 

set of problems, including quest ions of approximation not  con- 

s idered here.  

being the  sought s o l u t i o n ,  a ( -  , a )  ,b l (*  , e )  ,b2(*  , a )  

2. P re l imina r i e s  

Standard no ta t ions  a r e  used throughout.  All H i l b e r t  spaces 

a r e  assumed r e a l .  For such a space b i t s  inner  product and 

norm w i l l  be denoted by ( , ) b -  and 11 
s u b s c r i p t  w i l l  be omit ted when t h e  context  makes it poss ib le .  

r e spec t ive ly .  The 
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b f  denotes the dual space of b and the value of f E L f  at U E  u 
will be written as <fyu>k,b. The norm of f E b f  is written as 

I(fllLf. Again, subscripts will be omitted where possible. By 

definition, 

The main objective of this section is to prove a verison 

of Babuskafs generalization of the Lax-Milgram theorem, appro- 

priate to the problem we wish to solve. 

lemma will be needed. 

The following elementary 

Lemma 2.1 

Let c(9,v) be a bilinear form defined V e E 8 and v E b y  

8 and Ir being Hilbert spaces. Let 

2 = [ z  E lJIC(9,Z) = 0 v e E s i  

and suppose c(9 ,v) is continuous in the sense 

1 c(e ,v) 1 Kll9ll  \ \ V I \  V e E 8 ,  v E Is. 
J. 

Then lr = 2 0 lu where b 2 . 
Proof: 

It is necessary only to show that 2 

of If, and this follows immediately from the continuity of 

is a closed linear subspace 

c ( 0  YV) 

The required form of Babuskafs theorem is the following. 



. 
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Theorem 2 . 1  

L e t  c ( 8 , v )  s a t i s f y ,  i n  addi t ion t o  t h e  condi t ions  of Lemma 2.-1, 

w i t h  y > 0. 
Then t h e  equation f o r  w E b 

is  uniquely so lvable  B f E S f  and t h e  s t a b i l i t y  e s t ima te  

holds. 

Proof. 

~ J J  i s  a H i l b e r t  space,  w i t h  t h e  norm and inne r  product i n h e r i t e d  

from 'Ir, The b i l i n e a r  form 

e vets, W E ~ J J  c ( e ,w) - c ( e  ,w) 
N 

sa t i s f ies  t h e  condi t ions  of Babuskats theorem [l] Q e  E 8 and 

w E b. The desired r e s u l t  t h e r e f o r e  f o l l o w s  from [I]. 

Corol la ry  2 . 1  

The equation f o r  8 E S  
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i s  uniquely so lvable  V g c k f  and a cons t an t  y f  exists such 

Proof . 
The theorem implies  t h e  existence of a cons t an t ,  y f ,  such t h a t  

su c ( e , w )  2 ~ f l l e l l  v e E S  Y' > 0, 
llwii, 

and t h e  r e s u l t  follows from t h e  theorem by applying t h e  l a t t e r  

t o  t h e  form c ( w , 6 )  = c ( 0 , w )  , observing t h a t  gE Irf * g c  b f  
- 

with I l g l l ~ f  I lI9llb f *  

I f  2 is empty, Theorem 2 . 1  reduces t o  Babuskafs theorem. 

3 .  Existence,  Uniqueness, S t a b i l i t y  

L e t  b1(Ql,v2) and b2(e2,v1) be def ined  a s  ind ica t ed  on 

H i l b e r t  spaces Sl,S2,bl,b2 and s a t i s f y  t h e  condi t ions  of 

Theorem 2 . 1  with cons tan ts  K i y y i , y i ,  i = 1 , 2 .  L e t  Zi ,  i = 1 , 2  

denote t h e  assoc ia ted  closed n u l l  spaces and l e t  

i = 1 , 2 .  Let a(vl,v2) be another  b i l i n e a r  form def ined  

V v1 E Irl and v2 E k2 and s a t i s f y i n g  t h e  condi t ions  of bound- 

edness and s t a b i l i t y  

1 

I 
hi = ZiJ  

t 
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where ( 3 . 2 )  hold r e s p e c t i v e l y  tl ~ ~ € 2 ~  . and z2cZ2 , z2 # 0, 6 > 0. 
Consider t h e  (general ized)  saddle po in t  problem, of f ind ing  

1 1 
where fcb2 and gcS2. 

Theorem 3 .1  

Under t h e  hypotheses on bi(O vi) and a ( v l  v ) s t a t e d  above, 2 

t h e  saddle  problem ( 3 . 3 )  - (3.4) has  a unique s o l u t i o n  

tpcS1, and t h e r e  e x i s t  cons tan ts  c i, j = 1,2 such t h a t  t h e  

s t a b i l i t y  estimates.  I 

U E I J ~ ,  

i j  

Proof. 

Zi 

V i ,  i = 1 , 2 .  

a r e  H i l b e r t  spaces w i t h  inner products  i n h e r i t e d  from 

By (3.1) 

and hence, by (3.5) , (3.2) and Corol la ry  2.1 wi th  8 = Z1, 

’Ir = Z 2 ,  c ( * , * )  = a ( - , * )  and 2.  empty it follows t h a t  t h e  

equat ion 
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I 
a ( L Z , )  = <h,z2>, h a 2 ,  . v Z2'Z2 

has a unique s o l u t i o n  r s a t i s f y i n g  

(3 .6 )  

(3.7) 

and 

L e t  w be the  unique s o l u t i o n  t o  (3.4) i n  Lol whose e x i s t e n c e  

and boundedness follows f r o m  Theorem 2.1.  By (3.1) 

so t h a t  a (w,*)  de f ines  a bounded l i n e a r  func t iona l  on b2 and 

hence on Z2. Therefore,  

de f ines  a bounded l i n e a r  func t iona l  on Z2. Hence, by (3.6), 

t h e  equation 

has a unique s o l u t i o n  3€Z1 bounded a s  a t  (3 .7) .  I n  fact 
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Define u = w+c cb1. Clear ly ,  

. 

(3.11) 

so t h a t  a ( u , * )  de f ines  a bounded l i n e a r  func t iona l  on b2. 

By Corol la ry  2 . 1 ,  wi th  c ( .  ,.) = b1(.,.) b = Ir2, 8 = S1, it 

follows t h a t  t h e  equat ion 

has  a unique so lu t ion  (gcS1 s a t i s f y i n g  

Transposing t h e  a ( *  , * )  t e r m s  on t h e  r i g h t  of  (3.10) and (3.12) 

t o  t h e  l e f t  s i d e s  and adding g ives  

a(u,w2+z2) + b1(q,w2+z2) = <f,w2+z2>. 

S ince  b2 = b2 0 Z2 t h i s  i s  equiva len t  t o  

(3.14) 

and s i n c e ,  c l e a r l y ,  

(3.14) - (3.15) show t h e  ex is tence  of  t h e  s o l u t i o n  ucblJ ( ~ € 8 ~ .  

Uniqueness i s  clear f r o m  the  above proof s i n c e  w i s  unique bu t  

i n  any case can be  simply der ived  i n  t h e  usua l  way from t h e  
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s t a b i l i t y  es t imates  (3.11) and (3.13) which may be convenient ly  

r e w r i t t e n  i n  t h e  form 

Thus, t h e  theorem is  proved. Notice t h a t  e.g. t h e  s t a b i l i t y  of  

u i s  independent of t h e  p r o p e r t i e s  of  bl(l(,,v). This  and 

similar f a c t s  would be lost i n  a product norm type of ana lys i s .  

It  is  worth observing t h a t  i f  Irl = b2 = tr and a ( * , . )  i s  

known t o  be continuous on b x b and t o  s a t i s f y  

(3.16) 

then  condi t ions (3.2) w i l l  hold. 

4. Approximat ion  
h h  L e t  V i ,  Si, i = 1,2 be closed subspaces of biy gi, i = 1,2 

respec t ive ly .  

f i n d  uhcL.: and cphcS? such t h a t  

T h e  approximate problem t o  be considered is  t o  

(4.1) 

c 

(4.1) - (4.2) c o n s t i t u t e  a genera l ized  saddle  problem on t h e  

ind ica t ed  Hi lber t  spaces ,  biy Si, i = 1 , 2 .  

ex i s t ence ,  uniqueness and s t a b i l i t y  of a s o l u t i o n  t o . t h i s  problem, 

w e  simply requi re  t h a t  t h e  forms a ( -  , e )  and b i ( -  , * )  s a t i s f y  on 

t h e i r  respec t ive  spaces t h e  condi t ions  which enabled t h e  corre- 

h h  I n  order t o  show t h e  

sponding "continuous" problem t o  be solved i n  Theorem 3.1. I n  
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. 

f a c t ,  t h e  con t inu i ty  condi t ions a r e  au tomat ica l ly  s a t i s f i e d ,  

s i n c e  b . € b i  h and Sicsi, h i = 1,2. W e  have then  t h e  orthogonal 

decompositions 
1 

= Zh @ bh i = 1 , 2  

where 

w i t h  a corresponding d e f i n i t i o n  f o r  
hi h Q hi, i = 1,2. 

Z 2 .  h I n  genera l ,  Zi h $ Zi, 

The following condi t ions  on t h e  forms and spaces are now 

assumed t o  hold: with g h  > 0 

h h  h h  h w i t h  zlcZ1, z2€Z2, z2 # 0. These a r e  analogous t o  (3 .2)  . A l s o  

t h e  condi t ions ,  w i t h  y1 h \ 0 and y2 h > 0 

V w,h~b,h and €I1 h # 0 cS1, h r e spec t ive ly ,  and 

V wyclr: and 8, h # 0 €8: r e spec t ive ly  a r e  assumed t o  hold. I n  
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t h i s  case, an appeal t o  Theorem 3.1 e s t a b l i s h e s  t h e  ex i s t ence  

uniqueness and s t a b i l i t y  of a s o l u t i o n  t o  (4.1) - (4 .2) .  I n  

t h e  p a r t i c u l a r  case i n  which bl = b2ty bl h = bt t h e  condi t ion  

(4.3) w i l l  be a consequence of t h e  c o e r c i v i t y  condi t ion  

i f  t h e  l a t t e r  holds. 

(3 .16) ,  

and N e x t ,  w e  s h a l l  es t imate  t h e  d i f f e r e n c e s  111-1-u h 11 
h bl 

1Iv-v 11, 
1 

Theorem 4 .1  

There e x i s t  numbers Li, i = 1,2,3,4 dependent on ly  on ( y1 h f  ) 

K2, K1, 6 h ,  M (and def ined below) such t h a t  h 
y2  , 

Proof 

u = c + w ,  where ccZ1,  WE^^. Analogously, uh has  t h e  unique 

decomposition uh = ch + w h y  with phe2h, and w h h  cb1. Moreover, 

by sub t r ac t ion  of ( 4 . 2 )  and (3.4) 

L e t  Ah be a r b i t r a r y  i n  b;, kh = bh + ahy with  z Ah eZ1, h w Ah E B ~ .  h 

Then by (4.6) 
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h Ah h h Ah 
b2 (Ic12,w -w 1 = b2 ($2ju -u) 

and by (4.5) and c o n t i n u i t y ,  . 
(4.7) 

h Ah h Ah . Y 2 I b  -w I I  < K*IlU-U II* 

S u b t r a c t i n g  (4.1) and (3.3) and t a k i n g  V;EZ;, it follows t h a t  

h h  Ah h a(u-u 9 ~ 2 )  = -bl(q-(P ,v2 ) 

where Gh is  a r b i t r a r y  i n  S!. Therefore ,  

Ah h h Ah h Ah h a ( u  -u ,v2) = a ( u  -u,v ) - bl(tp-p ,v2 ) 

so t h a t  
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The f irst  part of t h e  theorem now fol lows,  s i n c e  hh and cp Ah 

a r e  a r b i t r a r y .  

TO prove t h e  second p a r t ,  aga in  from (4.1) and (3.3) , c 

h 
b2 w i t h  v; now a r b i t r a r y  i n  

L 

Ah h so t h a t  B (p €Sly 

Ah h h Ah h h h  b l ( q  -Q y V 2 )  = b l ( V  - Q , V 2 )  -a(u-u 9 V 2 ) *  

Then by (4.4) and c o n t i n u i t y  

(Y?) IICP Ah -9 h II I Kll14h-Qll + M1Iu-u h I I Y  

and by t h e  t r i a n g l e  i n e q u a l i t y  and t h e  f i r s t  p a r t  o f  t h e  theorem, 

Il'p-'phll I L3 llv-6hll + L4l1U-Ghll 

where L3 = 1 + K1/(y:) + ML2/(Yl) h f ,  L4 = ml/(Y1) h Thus, 

Theorem 4 .1  is proved. 

- c o r o l l a r y  4.1 

I f  h h Z c 2, then t h e  est,mate f o r  IIu-u 11 may be improved t o  

Ah \1u-uh\~ L~ i n f  11u-u 11. 
Ah h u EIJ l  

Proof 

T h i s  followsfrom (4.8) , s i n c e  t h e  term Ah Klllcp-rp 11 no longe r  needs 
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t o  appear i n  t h i s  i nequa l i ty ,  and t h e  subsequent deductions 

from it. 

S o m e t i m e s ,  t h e  norms i n  which  the problem is w e l l  posed (i.e. 

t h e  norms on V i  and Si, i = 1 , 2 )  a r e  not  t hose  i n  which 

approximation e r r o r s  a r e  wanted. 

ques t ion  a r e  poss ib l e  and have been r e c e n t l y  inves t iga t ed ,  

Severa l  approaches t o  t h i s  

121 , 151 ~ 1 .  

5. Stokes '  Problem 

A s  a simple app l i ca t ion  of Theorem 3.1,  consider  t h e  Stokes 

problem of f ind ing  u and p such t h a t  

-UAU + Vp = f 
i n  

div u = 0 

H e r e ,  0 is a bounded domain of R3, and u a p o s i t i v e  constant .  

I n  o rde r  t o  formulate t h e  weak problem, t h e  spaces b and 

8 must be def ined.  tr w i l l  be def ined  a s  a c e r t a i n  c losed  

l i n e a r  subspace of 

(2: (n) func t ions  i n  t h e  norm 

) , w h e r e  $i(n) i s  t h e  c losu re  of 

(Der iva t ives  a r e  always assumed t o  be taken i n  t h e  d i s t r i b u t i o n  

sense) .  L e t  
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and denote  by z" and 5 t h e  complet ion of 2: and b: 

i n  t h e  norm (5 .4) .  ? and E are t h e n  closed l i n e a r  subspaces  
31 of ~p).  

Observe t h a t  V ZE?,WEE 

d i v  z = 0 ,  c u r l  w = 0 :  (5.5) 

from which t h e  second equa t ion  fo l lows .  The first may be shown 

by a s i m i l a r  argument. 

Lemma 5 .1  

V u,vcH0(n) A1 

Proof 

I t  i s  s u f f i c i e n t  t o  prove  t h i s  r e s u l t  for u,vcCO (n). To do 

t h i s ,  t a k e  t h e  common i d e n t i t y  

00 

c u r l  c u r l  v = V d i v  v - d i v  Bv, 

c 
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c 

m u l t i p l y  on t h e  l e f t  by u and i n t e g r a t e  over  n us ing  t h e  

boundary c o n d i t i o n s  on u and v and t h e  e a s i l y  provable  

i d e n t i t y  

v - c u r l  u an = s, Jn 
( c u r l  V)'U an + Sa, (vxu) nas  

which i s  v a l i d  on $:(SI) , and t h e  t e n s o r  i d e n t i t y  

v a l i d  f o r  second order t e n s o r s  T w i t h  components i n  HO(,) .  1 

The r e s u l t  is  ( 5 . 6 ) .  

Lemma 5 . 2  

z" and a r e  or thogonal  i n  $;(n) 

Proof 

R e c a l l  t h a t  i$A(n) is a H i l b e r t  space w i t h  i n n e r  product  

(5.7) 
(u ,v )  = Jp .wan,  u,V€Ho(n). "1 

Then i f  zc? and WE; t he  r e s u l t  fo l lows  from (5.5) - ( 5 . 6 )  . 
= b y  which  w i l l  be denoted by A1 go(n), i s  The space b1 = If2 

d e f i n e d  a s  t h e  fo l lowing  c losed  l i n e a r  subspace of $:(Cl) , 

so t h a t  by d e f i n i t i o n ,  ucHo(n) A1 - (5.8) 

N N 

u = 2 + w Z E Z ,  W€b. 
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This  decomposition i s  unique, s ince  z” . and a r e  c losed  

subspaces of t h e  H i l b e r t  space $k(o) c o n s i s t i n g  of (5.8) w i th  

t h e  inner  product (5.7) . 
Lemma 5.3 

A1 L e t  U E # , ( ~ ) .  Then i f  d iv  u = 0 ,  t hen  U E Z  : i f  c u r l  u = 0 ,  

then  U E ~ .  

N 

N 

Proof 

L e t  u = z + w. Then d iv  u = 0 3 div  w = 0. H o w e v e r ,  from 

(5 .6 ) ,  with u = v = w it then  follows t h a t  

so t h a t  w = 0 ,  and- u = ZEZ. N The o t h e r  r e s u l t  may be proved 

s imi l a r ly .  

The following c h a r a c t e r i z a t i o n s  of z” and may t h e r e -  
A1 f o r e  be given: U ( E # O ( ~ ) ) E ~  @ d i v  u = 0 and UEG c u r l  w = 0. 

For t h e  s c a l a r  space,  8 = 8 = S2,  w e  t a k e  b: 2 (0) def ined  

a s  

wi th  i n n e r  product and norm i n h e r i t e d  from L 2 ( n ) .  S ince  X 2 ( n )  

i s  a c losed subspace of L 2 (n), it i s  a H i l b e r t  space. 
2 A1 With t h e  spaces b $4 (n) and 8 = 6: (n) defined,  w e  t u r n  0 

now t o  v e r i f i c a t i o n  of t h e  var ious  hypotheses. The weak form 
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c 

of t h e  problem w i l l  be t h e  following: f i n d  U E ~ ~ ( C I )  A1 and 
2 VEX (SI) such t h a t  

where t h e  forms a ( * , * )  and b(*,*) a r e  def ined  as follows: 

F i r s t  of a l l ,  f r o m  

t h e  c o n t i n u i t y  of b(J , ,v )  follows. The spaces 2 and b a r e  

t h e r e f o r e  defined. I n  f a c t ,  from t h e  deEin i t ion  of b ( * , * )  i n  

(5.9) and Lemma 5 .3 ,  it i s  c l e a r  t h a t  2 2. Moreover, s i n c e  

b i s  def ined  a s  2' i n  $:(n), b 3 b. Thus, 2 and b a r e  

N 

N 

known. Since w c H o ( n )  11 , 

Jndiv w ao = Jnw*n as = 0, 
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and by t h e  i d e n t i t y  (5 .6) .  

so t h a t  t h e  condi t ion (2.2) i s  proved f o r  b(*;) .  T o  prove 

(2.3) , assume t h a t  it i s  not  t r u e .  Then e O E C  (0) exis ts  such 

t h a t  

2 

J, eOdiv w an = o v W € B .  

Now t h e  equat ion 

(5.10) 

OD d iv  u h ,  h c C o  (n), f h a 0  = 0 
c1 

i s  always so lvable  f o r  ucCm(0), s i n c e  w e  can always so lve  0 

div(9cp) = h ,  ( P E C ~ ( ~ )  

and choose u = Vcp. But then u€C0 (n) , and c u r l  u = 0. Hence, 

UEU.  

which i s  a set dense i n  

t h a t  (2.3) i s  sa t i s f ied .  I t  remains t o  v e r i f y  t h e  cond i t ions  

on a ( * , - ) .  B u t  these are immediate s i n c e  u > 0. Thus, a l l  

t h e  condi t ions  of Theorem 3.1 are  v e r i f i e d  and t h e  ex i s t ence ,  

uniqueness and s t a b i l i t y  of a s o l u t i o n  t o  t h e  weak.problem f o l l o w s .  

Then by (5.10) , 8, i s  or thogonal  t o  (hECr  (n) 1 [ han = 0 )  
n 

S2 (n) . Hence O o  = 0 ,  and it fol lows 

. I  

r 

i 
I 

- 1  
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I n v e s t i g a t i o n  of numerical s c h e m e s . w i l 1  no t  be c a r r i e d  o u t  

here. However, it must be mentioned t h a t  t h e  d i s c r e t e  s t a b i l i t y  

cond i t ions  (4.4) - (4.5) by no means fol low from t h e  continuous 

ones. For example, it is easy t o  see t h a t  t h e  only  piecewise 

l i n e a r  so l eno ida l  f i e l d  vanishing on t h e  boundary of a square 

t r i a n g u l a t e d  i n t o  smaller  squares,  each b i s e c t e d  by a r ightward 

s lop ing  diagonal i n  t h e  plane,  i s  t h e  zero  f i e l d .  

. 
)r 

Then 2 h 

conta ins  only t h e  zero  f i e l d  and t h e  discrete vers ion  of 

can c l e a r l y  never be t r u e .  

Sh r e q u i r e s  independent v e r i f i c a t i o n .  Some choices  f o r  bh, 

Sh 

(2.2)  

l~ h , Thus, each choice of spaces  

which a r e  apparent ly  s u i t a b l e  for use a r e  given i n  [ 3 ] .  

These t o p i c s  a r e  considered more f u l l y  i n  [8]. 
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